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Denoising of Hyperspectral Images
Using Nonconvex Low Rank
Matrix Approximation

Yongyong Chen, Yanwen Guo, Yongli Wang, Dong Wang, Chong Peng, and Guoping He, Member, IEEE

Abstract— Hyperspectral image (HSI) denoising is challenging
not only because of the difficulty in preserving both spectral and
spatial structures simultaneously, but also due to the requirement
of removing various noises, which are often mixed together.
In this paper, we present a nonconvex low rank matrix approxi-
mation (NonLRMA) model and the corresponding HSI denoising
method by reformulating the approximation problem using
nonconvex regularizer instead of the traditional nuclear norm,
resulting in a tighter approximation of the original sparsity-
regularised rank function. NonLRMA aims to decompose the
degraded HSI, represented in the form of a matrix, into a low
rank component and a sparse term with a more robust and less
biased formulation. In addition, we develop an iterative algorithm
based on the augmented Lagrangian multipliers method and
derive the closed-form solution of the resulting subproblems
benefiting from the special property of the nonconvex surrogate
function. We prove that our iterative optimization converges
easily. Extensive experiments on both simulated and real HSIs
indicate that our approach can not only suppress noise in
both severely and slightly noised bands but also preserve large-
scale image structures and small-scale details well. Comparisons
against state-of-the-art LRMA-based HSI denoising approaches
show our superior performance.

Index Terms— Denoising, hyperspectral image (HSI), noncon-
vex low rank approximation (NonLRMA).

I. INTRODUCTION
YPERSPECTRAL images (HSIs) are widely used in
various applications, including environmental studies,
biomedical imaging, and military surveillance [1]-[4], due
to digital sensing technology advance. In these applications,
however, some difficulties are exposed. First, the size of
the ground HSIs is increasing dramatically, resulting in “the
curse of dimensionality.” Second, caused by photon shot
noise, malfunctioning arrays in camera sensors, faulty memory
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locations in hardware, and transmission in a noisy channel [5],
HSIs are often unavoidably corrupted by several types of
noises, including Gaussian noise, impulse noise, deadlines,
and stripes [6]. These pose great challenges to further appli-
cations, such as classification, target detection, and HSI unmi-
xing [7]-[12]. It is, therefore, of vital importance to design
an HSI denoising method, which can efficiently process HSI
data and, meanwhile, effectively remove these different types
of noises. To achieve this, the sparsity property of HSIs,
which states that high-dimensional HSI data often lie in a
low-dimensional subspace, should be sufficiently exploited.

Various techniques have been proposed for image denoising.
Along them, the global correlation along spectrum (GCS)
and the nonlocal self-similarity across space (NSS) as prior
information have been widely used by them. An HSI contains
dozens or even hundreds of bands, and GCS means that images
across different spectra are highly correlated. Mathematically,
by representing an HSI as a matrix, GCS implies the low rank
property of the data matrix. The NSS refers to the fact that
many full-band patches similar to a given local full-band patch
can be found [13]. This property has been used [14]-[16] to
denoise the HSI. As stated in [6] and [17], the performance
of these methods often suffers from the fact that the intrinsic
properties are inevitably neglected [13]. An HSI essentially
can be viewed as a 3-D array. Based on this observation,
tensor-based multilinear data analysis is proposed [18]-[20].
For example, to take account of the spectral redundancy,
the lower rank tensor approximation algorithm, which jointly
removes noise and reduces spectral dimensions, is proposed in
[20]. The robust low-rank tensor recovery algorithm proposed
in [19] is similar to tensor recovery via multi-linear augmented
Lagrange multiplier [21] except that it adopts the /> | norm.
A novel tensor-based denoising method is proposed in [13]
where GCS and NSS as prior knowledge are exploited. Most
tensor-based HSI denoising models in the literature mainly
take two forms: CANDECOMP/PARAFAC (CP) decomposi-
tion and Tucker decomposition. However, these methods may
suffer from several issues. On the one hand, it is NP-hard
to compute the CP rank [22]. As a result, the best low rank
CP approximation of a tensor is unknown. On the other hand,
Tucker decomposition is not unique. Besides, the application
of a core tensor and an n-mode tensor product would incur
information loss of spatial details [23].

Recently, the low rank models in which one aims to
recover a low rank matrix representing the global information
and a sparse one denoting the local information from the
observation have attracted considerable attention. Besides,
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Wright et al. [24] and Candeés et al. [25] have shown
that under incoherence assumptions, the solution can be
exactly obtained with a high probability despite significant
corruption. Compared with the classical principal component
analysis (PCA), which is sensitive to outliers and gross
corruptions (non-Gaussian noise), the low rank models are
robust to various types of noises. Inspired by the fact that the
low rank property generally holds for clean HSI, denoising
methods based on low rank decomposition [6], [26]-[30]
lexicographically vectorize all images or similar patches to
yield 2-D data, which can then be decomposed into a low
rank matrix representing the clean images (patches) and a
sparse matrix denoting non-Gaussian noise.

Albeit the success of low rank models in theoretical research
and practical applications, there are still some drawbacks in
convex relaxation. First, the nuclear norm adds all singular val-
ues together rather than treating them equally as the rank func-
tion does. This implies that larger singular values are penalized
more heavily than smaller ones. Furthermore, the nuclear
norm is essentially an /; norm of singular values. As is well
known, /1 norm generally results in a biased estimator due
to its shrinkage effect [31]-[33]. Second, previous theoretical
analysis is generally based on a strong assumption that the
underlying matrix satisfies incoherence property, which may
not be guaranteed in practical scenarios. Moreover, the convex
relaxation has poor convergence rate as the matrix dimension
grows. To date, using nonconvex function instead of the
/1 norm as the surrogates of the /o norm has received much
attention. Specifically, the popular nonconvex regularizers
include minimax concave penalty [32], [, norm (0 < p < 1)
[34], log-sum penalty [35], log-determinant penalty [36], trun-
cated nuclear norm (TNN) [37], and the capped /1 penalty [38].

Some nonconvex low rank matrix approximation (NonL-
RMA) models have been proposed for HSI denoising. But
they are different from our work. Zhang et al. [6] introduced
a mixed HSI restoration model, which applies low rank matrix
recovery (LRMR) to each image patch to simultaneously
remove Gaussian noise, impulse noise, deadlines, and stripes.
To further remove mixed noise, the nonconvex formulation
GoDec [39], which alternates between updating low rank
matrix via low rank projection and estimating sparse matrix
using a hard thresholding operator, is used. To reduce com-
plexity, a bilateral random projection method is employed to
avoid computing singular value decomposition (SVD), leading
to significant increase of processing speed. However, GoDec
needs to first estimate the rank and cardinality, which are not
easy-to-obtain in practice. That is mainly because the rank of
each patch is usually relatively small and generally unknown.
Another limitation is that it cannot guarantee a unique solution,
since different projection may yield different results [40].
Similar to [6], He et al. [27] developed the noise-adjusted
iterative LRMA to account for different noise intensities in
different bands, whereas similar issues in [6] are introduced by
utilizing the randomized SVD method to solve the nonconvex
formulation. In addition, the rank also needs to be predefined,
which implies that the intrinsic rank information cannot be
automatically captured. Some other denoising approaches [17],
[41], [42] were developed.
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Our Work: To overcome the aforementioned issues,
this paper presents the NonLRMA and the corresponding
HSI denoising method to more accurately extract the low rank
component from the degraded HSI, which may be contami-
nated by various types of noises. Our key observation is that
those larger singular values should be less penalized. This
is quite reasonable, since for natural images, larger singular
values are more important than smaller ones as they imply
energy of the major components, and, by contrast, the smaller
ones mainly correspond to noise. To achieve this, a novel
nonconvex regularizer, instead of the traditional nuclear norm
widely used by previous methods, is presented in our for-
mulation, such that the low rank property of HSIs is better
exploited. Note that using a nonconvex penalty function to
capture the low rank information is also motivated by the
conventional compressive sensing recovery [43] and the recent
literature [28], [36], [44], [45].

In summary, our contributions are threefold.

1) We leverage NonLRMA to denoise HSIs, which may
be corrupted by mixed noises, not just Gaussian noise
assumed by most previous methods, and study the
general solver of this problem.

2) A novel nonconvex regularizer is proposed in our
NonLRMA. Unlike the traditional nuclear norm, which
shrinks all singular values with the same amount,
the new regularizer achieves more sparse approxi-
mation of singular values and automatically captures
the intrinsic rank information. Furthermore, different
from [6] and [39], NonLRMA does not require the rank
information to be known beforehand.

3) An effective, robust, yet easy-to-implement iterative
algorithm based on the augmented Lagrangian multi-
pliers (ALM) method is developed. In theory, we prove
that our algorithm is able to converge easily to a stable
point of the objective function.

Compared with many state-of-the-art HSI denoising meth-
ods, extensive experiments on both simulated and real HSIs
demonstrate that our method works well in simultaneously
removing the Gaussian noise, impulse noise, deadlines, and
stripes, while at the same time preserving image details.

The remainder of this paper is organized as follows.
In Section II, the low rank model for HSI denoising is
analyzed in detail. Then, we formally introduce the proposed
NonLRMA model and the optimization method we develop
in Section III. We evaluate the performance of our proposed
method in Section IV and conclude this paper in Section V.

II. BACKGROUND

Due to the significant correlations of the spectra of neigh-
boring pixels, the Casorati matrix often presents the low rank
property. That is to say, the subspace spanned by the spectra
can be well regularized by the low rank constraint. For better
visualization, Fig. 1 shows the low rank property of HSIs.

How closely the noise model fits the real noise environment
is crucial to the performance of denoising. Traditionally, most
existing HSI denoising methods only consider the additive
white Gaussian noise, which is not true in practice. Noise
in HSIs normally includes Gaussian noise, impulse noise,
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Fig. 1. Illustration of the low rank property. (a) Original Washington
DC Mall image. (b) Patch extracted from the Washington DC Mall image.
(c) Corresponding Casorati matrix.

deadlines, and stripes, and is usually a mixture of them.
To account for this, the degradation model of an HSI can be
formulated as

Y=L+S+N €))

where Y is the degraded HSI, L represents the clean HSI,
S denotes the impulse noise, deadlines, strips, and so on, and
N is the Gaussian noise. Here, Y, L, S, and N are the third-
order tensors with the same size of M x N x K, where M, N,
and K stand for the width, the height of the image, and the
number of spectral bands, respectively. For a subcube of size
g X q X K centered at the pixel (i, j), a matrix ¥ € R K
with a spatial mode and a spectral mode via lexicographical
rearrangement can be obtained (the process shown in Fig. 1).
Consequently, the corresponding noise degradation model can
be converted into the following matrix form:

Y=L+S+N (2)

where matrices L, S, and N are with the same size as Y.
Clearly, L has a low rank. Note that patches are usually
overlapped. To deal with the joint regions of neighboring
patches and hide possible seams, the pixel value in each band
of HSI is then determined by taking the average of the restored
patches at this pixel.

In both theoretical and computational aspects,
Wright et al. [24] and Candes et al. [25] presented a
convex optimization framework called robust PCA (RPCA)
for LRMA. This formulation and its extensions have been
successfully used in HSI denoising [6], [26], [28], [29].
RPCA is formulated as

Ti? Rank(L) + A[|S]lo st. Y=L+ S 3)

where 4 > 0 is a regularization parameter and || S]o denotes
the number of nonzero entries in matrix S. Due to the discrete
nature of the rank and the /y quasi-norm, solving problem (3)
is NP-hard and intractable. A common approach is to use
the convex relaxation substituting the rank function and the
lp norm with the nuclear norm and /; norm, respectively,
resulting in the following convex optimization problem:

I{li? LI« + AllSHt st Y=L+S 4)

where ||L|lx = > ; 0;(L) and o;(L) is the ith singular value
of the matrix L; ||S|7 = Zi’j |Si,j|. Generally speaking,
the nuclear norm is a loose approximation of the rank func-
tion [28], [36], [44]. Inspired by the low rank property of
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HSIs, Zhang et al. [6] adopted the GoDec model [39] and used
iterative hard thresholding to solve the following formulation:

r?i? Y — L —S||p st rank(L) <r,card(S) <k (5)

where r and k denote the upper bound of the rank of L and
the cardinality of S, respectively. || - || is the Frobenius norm.
Note that, both L and S need to be known beforehand by this
method.

Though great achievements have been made, most previous
HSI denoising methods based on low rank approximation
suffer from the following aspects. First, the nuclear norm adds
all singular values together, which indicates that larger singular
values are penalized more heavily than smaller ones, resulting
in overshrinking the rank component. Second, the nuclear
norm-based approaches generally have poor convergence rate
due to many iterations. Third, the rank information needs to be
predefined by some methods, which is impractical in practice.

III. PROPOSED NONCONVEX LOW RANK
MATRIX APPROXIMATION MODEL

In this section, we develop a novel NonLRMA model and
derive the corresponding HSI denoising algorithm. The key
to the proposed method is to use the y-norm, which can
address the aforementioned drawbacks of the nuclear norm.
We also show how to optimize the proposed model effectively
based on the ALM method. The remainder of this section
will elaborate that with our nonconvex low rank regularizer,
the rank information is not required to be known beforehand
as some previous methods have done [6]. Furthermore, our
low rank model works well in capturing the intrinsic rank
information.

A. Nonconvex Regularizer and NonLRMA Model

Inspired by the remarkable performance of nonconvex reg-
ularizers used for signal and image processing [34]-[36], [44],
we introduce the nonconvex matrix rank approximation, which
is defined as

min{g?,K}
rank(L) ~ |Lll, = Y (1—e ) (6)
i=1
where y > 0. Here, we refer to (6) as y -norm.

Some matrix rank relaxations have been proposed in the
literature as shown in Fig. 2. For example, to alleviate the
deficiency of the convex relaxation (4), Lingala et al. [46]
proposed the Schatten p-norm, which could date back to
1993 [34]. Especially, the recent work [28] has the similar
idea, which is called the weighted Schatten p-norm. From a
mathematical point of view, our nonconvex low-rank regular-
izer is completely different from the Schatten p-norm. On the
other hand, the corresponding HSI denoising approach [28]
needs to manually determine the weight set {®;}, whereas our
algorithm does not. From Fig. 2, it is easy to observe that
the nuclear norm, the log-determinant function, as well as
the Schatten p-norm deviate significantly from 1 when the
singular values are greater than 1, indicating that they over-
shrink the rank component. By contrast, our y -norm (denoted
by the black curve) matches well with the true rank, meaning
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Fig. 2. Approximation of the rank function using different functions. y, J,

and p are set to 0.1, 10*6, and 0.3, respectively, and the true rank is 1 for
nonzero o;.

that the y-norm approximates the rank function better than
them. Specifically, the y -norm is a pseudonorm, but with nice
properties as stated by the followir;g proposition.
Proposition 1: Given L e RY*K  the y-norm defined
in (6) satisfies the following properties.
1) limy o ||L|l, = rank(L).
2) |IL|l, is unitarily invariant, i.e., [|[L|l, = |[ULV|, for
any orthonormal U € R9°%4* and V e REXK, )
3) Positive definiteness: ||L|, > 0 for any L € R? *K and
IL]l, =0 if and only if L = 0.
Proof:
1) For ¢(o;(L)) = 1—e%L)/7  we have limogb(a,- (L) =
y—

0 6;(L)=0
I oi(L) #0
which consequently reaches the conclusion.

2) Let (-)T, (-)_1, and 1 denote the transpose, inverse,
and eigenvalue of a matrix, separately. E is a unit
matrix. Then, the eigenpolynomial [(ULV) ULV —
JE| = |[VILTUTULV — AE| = |VTLTLV — AE| =
\V-ILTLV—AE| = |LT L—J.E|. This means that matri-
ces (ULV)TULV and LT L have the same eigenvalues.
As aresult, ULV and L have the same singular values.
Hence, the conclusion is true.

3) For any o;(L), we have o;(L) > 0. It is, therefore,
obvious that ¢(g;(L)) = 0 and | L], > 0. Finally,
the conclusion holds for the reason that ¢ (o; (L)) takes
0 if and only if L = 0. 0

Consequently, we consider the nonconvex y -norm defined

in (6) as the regularization term, Following [47], we adopt
the /1 norm to model the sparse component. Based on the
aforementioned two aspects, our proposed NonLRMA model
for HSI denoising is formulated as

min [ Lfly + AlSlz2y st Y =L =SlFr=d (7
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where |S|21 = Ele(Z?; Sl-zj)l/2 and J is a constant
related to the standard deviation of the independent and identi-
cally distributed Gaussian noise N. The NonLRMA model (7)
can be regarded as an extension of (4). Whereas compared
with (4), the challenge of solving NonLRMA model lies in
the fact that a global solution is difficult to obtain due to the
nonconvexity of (7). As a result, the subgradient method is
no longer applicable. In Section III-B, we prove that each
subproblem of (7) has a closed-form solution despite of its
nonconvexity.

B. ALM-NonLRMA Optimization
It is easy to deduce that the augmented Lagrangian function
for problem (7) is

L(L, S, A: p) = LI, + ISl
+<A,Y—L—S>+§||Y—L—S||2F )

where p > 0 is called the penalty parameter, A € R’ ¥K is the
Lagrangian multiplier, and (-) denotes the standard trace inner
product, i.e., (A, B) = trace(A” B). Following the idea of the
Gauss—Seidel method, we can update L and § alternatively by
keeping one of them fixed at its latest value and then update
the Lagrange multiplier, that is:

Liy1 = argmLin L(L, Sk, Ak pi) )
Sk+1 = argmsin L(Lg+1, S, Ar; pr) (10)
Ak1 = Ak + pe(Y — L1 — Se+1) (11)
Pi+1 = min{f * pi, pmax} (12)

where L; denotes L in the kth iteration and S is set to 1.1.
With simple manipulation, we have the following iterative

scheme:
. Pk Ar\ 2
Lytr = argmin ||[Lfly, + 1L — | Y =S +— ) Iz (13)
L 2 Pk
. Pk Ak 2
Sk+1 = argmin A|Sll2;1 + = IS — (Y — Liy1 + — | |15
s 2 Pk

(14)

Here, we refer to subproblems (13) and (14) as L-subproblem
and S-subproblem, separately. Obviously, the above-
mentioned iterative scheme exploits the separable property of
our objective function.

Let of > o > ... > ¥ represent the singular values of
Ly with s = min{g?, K} and Vqﬁ(aik) denote the gradient
of ¢ at of. Let f(L) = (1/2)IL — Dill> with Dy =
Y — Sk + (Ax/pr). It is easy to prove that the gradient of
f(L) is Lipschitz continuous by setting the Lipschitz constant
being 1. From Fig. 2, we can observe that the nonconvex
regularizer is continuous, concave, smooth, differentiable, and
monotonically increasing on [0, +00), and its gradient is
nonnegative and monotonically decreasing. Considering the
nonascending order of singular values and according to the
antimonotone property of gradient of our nonconvex function,
we have

0 < Vo(of) < Vg(ok) < < Vg(ak)
¢(0i(L)) < ¢(of) + V(of) (o: (L) — o}).

15)
(16)
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The above-mentioned result (16) can be easily proved by the
supergradient definition of the concave function.
Following (16), we solve the following relaxation problem:

Lyt =argmLin pl_k Z¢(Uik) + V(f)(o‘ik) (o‘i(L)—o'ik) + f(L)
i=1

= 1
= argmin —- S " Ve(ak)ei(L) + SIL = Dil%. (17
i=1

Then, following [44], the optimum solution of L-subproblem
can be efficiently obtained by resorting to recently proposed
generalized weight singular value thresholding (WSVT) [48],
as shown in Lemma 1. Solving (17) is equivalent to computing
the proximity operator of the weighted nuclear norm. It is
worth noting that the weight V¢ (aik) in problem (17) is
automatically calculated. However, the weight in the weighted
Schatten p-norm [28] must be given in advance. More specif-
ically, L is a low rank matrix representing the clean image.

Lemma 1: For any (1/px) > 0, the given data Dy = Y —
Sk + (Ax/pr), and 0 < Vp(of) < Vé(o5) < -+ < Vg(a)),
a globally optimal solution L* to problem (17) is given by the
WSVT [48]

L*=USvs (2)VT (18)
Pk

where Dy = UZVT is the SVD of Dy and Sivg/p)(Z) =
Diag{max (£i; — (Vé(c5)/pe), 0)}.
The solution of S-subproblem is given by Lemma 2.
Lemma 2: Given a matrix Wy =Y — Liy1 + (Ax/pr), the
S-subproblem has an optimal solution $* and its jth column
is [49]

A
Wi G Dll2——

Pk vy oo oy e P AL
——————Wi(, j), if — <[[Wi(:, ll2s
Wi, D2 Pk

0, otherwise.

S )=

(19)

It is well known that /> 1-norm is a sparsity-inducing norm
defined as the /{-norm of the columns of the sparse noise
matrix S. Embodying the specific structures in HSIs, the norm
is vital to deal with sample-specific corruptions and outliers,
such as stripes and deadlines.

Algorithm 1 shows the pseudocode of our specifically
designed algorithm for optimizing the NonLRMA model (7).
C. Convergence Analysis

We theoretically analyze the convergence of the proposed
algorithm with the main result presented in Theorem 1.
To introduce Theorem 1, we first give Lemmas 3-5, which
provide some sufficient conditions under which Theorem 1
holds.

Lemma 3: L(L, S, A; p) is monotonically decreasing with
respect to variable L.

Proof: 1In iteration k + 1, Li4+1 is a global solution to
problem (17). We then have

1 < 1
P > Vea)o T+ Sl — Dillk

i=1

1< 1
= > Véehof + Lk = Dillf. 20)
i=1
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Algorithm 1 ALM-NonLRMA for HSI denoising
Input: Noisy HST Y.

Initialize: y, ¢, 1, £, po, So=Ao =0, k=0.
1: while not converged do

2:  Compute Dy =Y — Sk + M;

Update Ly by (18);

Compute Wy =Y — Ly41 + %;

Update Si+1 by (19);

Update Ax+1 by (11);

Update py41 by (12);

Check the convergence condition

9 Y = Lig1 — Scrllr <€ YE.

10: end while

11: Compute the Gaussian noise N =Y — L — Sk;
Qutput: Denoised HSI L.

S A

It can be transformed to

1 » 1 2
§||Lk+l — Dilly — §||Lk — Dill

< i S Vheh)ek — okt @D

i=1

Second, summing (16) fori =1,2,...,s
N S
> (BT = pf) <D Vo) — o)) (22)
i=1 i=1
Now, we add (21) and (22) together
L(Lit15 Sks Aks px) — L(Lis Sk, Aks pr) < 0. (23)

This reaches the conclusion that £(L, S, A; p) is monotoni-
cally decreasing with respect to variable L. O
Lemma 4: The sequence {A} is bounded.
Proof: The optimal Siy; needs to satisfy the first-order
optimality condition, that is

0 € 0sL(Lk+1, S, Ax; PS4

= Os(AlISI2, )81 — Ak — px (Y — L1 — Sky1)
= Os(AlSl2, 1)l 8e01 — Akt

It can easily be proved that ds(4||S|l2,1)!s,,, is bounded, since

0, if [[Se41 G, J)ll2 =0
Sk+1C5 J)
ISk+1C, D2
Thus, {Ay} is bounded. O

Lemma 5: Sequences {L;} and {Sx} are bounded if

21 (pi + piv1/(pi)?) < oc.
Proof: With simple manipulation, we have

(24)

Os(ISl2, )18y = otherwise

L(Lk, Sk, Ax; pr)

Pk — Pk—1
= L(Li, S, M1 pr1) + ————IIY = Le = Skl
+ (Ak — Ak=1,Y — L — Sk)
Pk + Pk—1
= L(Li, Sk, Ak—1: pr—1) + =— 1Ak — A1 ]|%.

2(pr—1)?
(25)
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The above-mentioned equation can be obtained by using (11).
Then
L(Lit15 Sk+15 Ak pr)
< L(Li+1, Sks Ak pr)
< L(L, Sk, Aks pr)
Pk + pr—1

= L(Lt, Sks Ak—1: pro1) + =0 A — Ar |3
p 2(pk—1)> F
(26)

Since Si4+1 is a global solution to (14), we get the first
inequation. The second inequation is given by Lemma 3.
Iterating over the inequality chain (26) for k times, we have

L(Liy1, Sk+1, Aks pr)

k
Pi + pi-i 2
< L(L1, S1,Ao; po) + Y ———— 1A — Ai—1 ||
~ 20 T
‘ pi + pi-1
< L(L1, 51, Ao; po) +C Y S 27)
= 2(pi-1)

where C is an upper bound of {||A; — A;j—1 ||12¢}. Under the
condition that >, (p; + piv1/(pi)?) < oo, all terms on
the right-hand side of the above-mentioned inequality are
bounded; thus, £(Lg+1, Sk+1, Ak; pi) is upper bounded. Add
(1 /2pk)||/\k||%- to the augmented Lagrangian function (8)

1
L(Lis1, Skv15 Aks pr) + =— Al
2pi
2
Pk Ag
= [ Liy1lly +AISk+1 ||2,1+7 HY — L1 — Sk+1 + ”

F
According to Lemma 4, the left-hand side is bounded.
Thus, each term on the right-hand side is bounded; then,
{Ly} and {S} are bounded. O

Till now, we have shown the boundedness of {Ly, Sk, Ax}.
Next, we will present the main theoretical result in Theorem 1.

Theorem 1: Let {L, Sk, A} be the sequence generated by
Algorithm 1 and {L*, §*, A*} be an accumulation point. Then,
{L*, S*} is a stationary point of the original problem (7)
as long as > 2 (pi + pir1/(pi)?) < 0o and limg_ 00 pi (Sk —
Sk+1) = 0.

Proof: From Lemmas 4 and 5, we know that the sequence
{Lk, Sk, Ar} is bounded. By Bolzano—Weierstrass theorem,
the sequence has at least one accumulation point, denoted
as {L*, §*, A*}. Without loss of generality, we assume that
{Li, Sk, Ar} converges to {L*, S*, A*}. Next, we prove that
this accumulation point is a stationary point of problem (7).

From (11) and the boundedness of {Aj}, we have
limg 00 ¥ — L1 — Sgr1 = limg oo (A1 — Agy1/pi) = 05
then

Y = L* + S*. (28)

By the first-order optimality condition, we have

aLL:(L» Sk, Ak; pk)lL]ﬁL]
= Or(ILlIy) Ly — Ak — pk(Y — Lgp1 — Sk)
= OL(IL1Iy) Ly — Ak + pe(Sk — Sk41)
= 0.
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Due to the assumption of limg_, oo px (Sx — Sk+1) = 0, we have

aL(IL*|ly,) = A* =0. (29)
Following (24), we get
Os(AS*ll2,1) — A* = 0. (30)

From (28)—(30), we can conclude that {L*, $*, A*} satis-
fies the Karush—Kuhn-Tucker conditions of L(L, S, A; p).

{L*, S*} is thus a stationary point of the original problem (7).
O

D. Connection With Existing Work

We further emphasize the connection and difference
between the proposed method and some existing approaches
in the literature for LRMA, including the TNN [37] and
iteratively reweighted nuclear norm (IRNN) [44] for matrix
completion.

1) It is a common observation that those larger singular
values quantify the information of underlying principal
directions. The TNN, however, discards the sum of
those larger singular values. Furthermore, this approach
needs outer iterations and additional SVD computation,
resulting in extra, often unnecessary computation load
and storage. On the other hand, it is hard to determine
the number of singular values.

2) IRNN uses a family of nonconvex surrogates to approx-
imate the rank function, leading to more accurate results
for LRMR. However, it remains unclear which choice is
optimal for the particular nonconvex function and how to
determine the additional tuning parameters. In this paper,
we will give some strategies for better recovery, which
will be discussed in Section IV. Moreover, IRNN mainly
deals with matrix completion, which aims to recover
a low rank matrix from partial observations without
considering the non-Gaussian noise, or, for each image,
it needs some pixels not corrupted by non-Gaussian
noise to ensure successful LRMR.

In addition, TNN and IRNN apply nonconvex low rank
models to the whole image data, without considering the
local similarity. On the other hand, the noise intensities in
different bands of an HSI may differ much. Thus, applying
TNN or IRNN to each band uniformly would inevitably incur
blur or the loss of local details. These issues inspire us to
develop a patch-based algorithm, facilitating the detection of
mixed noise.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

We conduct extensive experiments to verify the effect-
iveness of our proposed NonLRMA method and show the
results in comparison with some existing competing HSI
denoising approaches: GoDec-based LRMR [6], the video
block matching 3-D filtering (VBM3D) [14], noise-adjusted
LRMA (NAILRMA) [27], and weighted Schatten p-norm-
based LRMA (WSN-LRMA) [28]. Note that the last three
are recently developed state-of-the-art HSI denoising methods
and belong to the low rank-based scheme. All the codes are
provided by the authors. Before denoising, the gray values
of each band are scaled to the interval [0, 1], and they are
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(a) Original

(d) LRMR

() NAILRMA (f) WSN-LRMA (g) NonLRMA

Fig. 3. Restoration results on synthetic data: moderate noise level. (a) Origi-
nal false-color image (R:6, G:88, B:221). (b) Noisy image. The resorted image
obtained by (c) VBM3D, (d) LRMR, (e) NAILRMA, (f) WSN-LRMA, and
(g) NonLRMA. The figure is better viewed in a zoomed-in PDF.

stretched back to the original level after denoising. All the
experiments were run in MATLAB R2015a on a laptop with
a CORE i7 3.40-GHz CPU and 16-GB memory. For the
purpose of reproductivity, we provide our source code at
https://www.researchgate.net/publication/315725239_Code_of
_NonLRMA.

A. Simulated Data Experiment for Mixed-Noise Removal

In this section, we first compare all the methods on synthetic
data, which is generated by the ground truth of the Indian
Pines data set [50] in a similar way to [29]. The size of the
synthetic image is 145 x 145 x 224, and the reflectance values
of all the voxels in the HSI are linearly mapped to [0, 1].
More detailed description of the synthetic data can be found
in [29].

In this experiment, two typical kinds of noises are added to
all the bands of the ground truth, which are briefly described
as follows.

1) Since, in practice, noise intensity in different bands is
often different, two degrees of zero-mean Gaussian noise
are added. To simulate the level of moderate noise,
the signal-to-noise ratio (SNR) value of each band varies
from 15 to 25 dB randomly, and the mean SNR value
of all the bands is 20.43 dB. For the level of severe
noise, the SNR value of each band varies from 45 to
55 dB randomly, and the mean SNR value of all the
bands is 49.75 dB.

2) Salt-and-pepper impulse noise is added to all the
bands with 20% pixels of each band being corrupted.
The impulse noise intensity of each band varies from

0.0196 to 0.0784, and the mean intensity is 0.0492.
Three commonly used measures are adopted for quanti-

tative comparison, including peak SNR (PSNR), structural
similarity (SSIM) [51] measuring spatial similarity between
the denoised HSI and the original one, and feature simi-
larity (FSIM) [52] emphasizing perceptual consistency with
the original HSI. In general, the larger these three measures
are, the closer the denoised HSI is to the ground truth.
Finally, the mean value of each measure for the whole HSI
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(a) Original (b) Noisy (c) VBM3D

(d) LRMR

() NAILRMA (f) WSN-LRMA (g) NonLRMA

Fig. 4. Restoration results on synthetic data: severe noise level. (a) Original
false-color image (R:6, G:88, B:221). (b) Noisy image. The resorted image
obtained by (c¢) VBM3D, (d) LRMR, (e) NAILRMA, (f) WSN-LRMA, and
(g) NonLRMA. The figure is better viewed in a zoomed-in PDF.

is calculated and denoted as MPSNR, MSSIM, and MFSIM,
separately. In this simulated experiment, we first adopt the
same parameter setting to the original papers [6], [28] and then
manually adjust them for better visual effects. The parameter
setting of our method is shown in Table III.

The statistical data reporting the performance of all the
methods are shown in Table I. The highest MPSNR, MSSIM,
and MFSIM values are highlighted in bold, and the second-
best results for each quality index are underlined. From
Table I, we can see that our proposed method achieves
the highest MPSNR under both moderate and severe noise
levels. It achieves 0.812- and 1.499-dB improvement over
the NAILRMA method, respectively. For the moderate noise
level, in comparison with LRMR, our proposed method yields
comparable or even slightly better results in terms of MSSIM
and MFSIM. For the severe noise level, it yields best results
over other competing methods, which validates the effec-
tiveness of the nonconvex regularizer for removing mixed
noise. In addition, some typical bands of denoised HSIs
obtained by different methods are shown in Figs. 3 and 4.
Fig. 3 displays the denoising results of different methods in
the moderate noise case. Obviously, some residual impulse
noise can still be observed in the restored image by VBM3D
as shown in Fig. 3(c), while the results by LRMR, NAILRMA,
WSN-LRMA, and NonLRMA are visually similar, which
agrees with the quantitative comparison in Table I. For the
severe noise level, the denoising results of different approaches
are shown in Fig. 4. The results of VBM3D and WSN-LRMA
cannot remove the mixed noise. LRMR and NAILRMA
remove the noise and preserve the spectral information to some
extent, but the Gaussian noise cannot be completely removed.
In Fig. 4(f), however, our proposed method achieves the best
visual performance in comparison with the restoration results
by other methods. For quantitative comparison on details,
we also calculate the PSNR, SSIM, and FSIM values of each
band as shown in Figs. 5 and 6. We can observe that in
almost all the bands, the PSNR, SSIM, and FSIM values of
the proposed method (the black curves) are higher than those
of the other methods under both moderate and severe noise
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Fig. 6. PSNR, SSIM, and FSIM values of each band of the experimental results: severe noise level. (a) PSNR values. (b) SSIM values. (c) FSIM values.

TABLE I
QUANTITATIVE EVALUATION OF THE DIFFERENT RESTORATION ALGORITHMS WITH THE SYNTHETIC DATA

Moderate Noise Level

Noisy | VBM3D | LRMR | NAILRMA | WSN-LRMA | NonLRMA
MPSNR(dB) | 20.526 30.129 36.657 37.643 34.687 38.455
MSSIM 0.405 0.885 0.955 0.947 0.876 0.959
MFSIM 0.514 0.875 0.952 0.945 0.887 0.954

Severe Noise Level

Noisy | VBM3D | LRMR | NAILRMA | WSN-LRMA | NonLRMA
MPSNR(dB) | 14.026 16.151 30.035 30.589 14.925 32.088
MSSIM 0.200 0.250 0.833 0.812 0.226 0.856
MFSIM 0.334 0.381 0.844 0.825 0.354 0.857

levels, meaning that our proposed method outperforms other
methods for mixed-noise removal.

Figs. 7 and 8 visualize the spectral signatures before and
after restoration. Under a moderate noise level, Fig. 7 presents
the spectral signatures of the pixel (100, 100). It can be easily
seen that the curve shape of the spectral signatures acquired
by the proposed NonLRMA method [see Fig. 7(g)] closely
resembles the shape of the spectral signatures of the noise-free
spectrum [Fig. 7(a)], which further verifies our effectiveness.
Similar conclusion can be reached in Fig. 8, which compares
the shapes of spectral signatures in the case of a severe noise
level.

Another typical kind of noise in HSIs is stripes, mainly
due to inconsistent responses between different detectors.
To test the performance on stripe removal, we experiment
on the Hyperspectral Digital Imagery Collection Experi-

ment (HYDICE) image of the Washington DC Mall [53]. Due
to page limitation, a subimage of size 256 x 256 x 11 is selected
here. We randomly add periodical stripes to five different
bands. From the restoration results shown in Fig. 9, we can
easily observe that most competing methods cannot remove
stripes completely. By contrast, the proposed method obtains
comparative visual results in removing periodical stripes as
shown in Fig. 9(g). General speaking, NonLRMA employs the
y -norm instead of the traditional nuclear norm to regularize
the spectrum component and adopts the /5 | norm to model the
sparse component, providing remarkably discriminative ability
on mixed noise.

B. Real Data Experiments

In this section, we conduct experiments on real data,
including HYDICE urban and EO-1 Hyperion Australia data
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Fig. 8.  Spectrum of pixel (100, 100) in the restoration results: severe
noise level. (a) Original. (b) Noisy. (¢) VBM3D. (d) LRMR. (e¢) NAILRMA.
(f) WSN-LRMA. (g) NonLRMA. The figure is better viewed in a zoomed-in
PDFE.

sets, to investigate the performance of the proposed method.
Detailed experimental settings and results on these data are
given as follows.

1) HYDICE Urban Data Set: The HYDICE urban
images [54] of size 307 x 307 x 210 are corrupted by stripes,
deadlines, atmosphere, water absorption, and other unknown
noise (see Figs. 11 and 12). Unlike [6] and [28] where
several bands polluted by atmosphere and water absorption
are removed, we select all images as the test data, which
makes the denoising task more challenging. We follow the
experimental settings stated in [6], [28], and [55]. For the
benchmark VBM3D method, the noise variation is set to 12 as
provided in the paper [6]. The patch size, step size, rank of L,
and the cardinality of S in LRMR are set to 20, 4, 4, and 4000,
separately. For NAILRMA, the corresponding parameters are
set to 20, 4, 7, and 0.15, respectively. The parameters in
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(d) LRMR (e) NAILRMA (f) WSN-LRMA

(g) NonLRMA

Fig. 9. Restoration results on synthetic data: Washington DC Mall. (a) Orig-
inal image. (b) Noisy image. The resorted image obtained by (c) VBM3D,
(d) LRMR, (e) NAILRMA, (f) WSN-LRMA, and (g) NonLRMA. The figure is
better viewed in a zoomed-in PDF.

WSN-LRMA including the weights for penalizing low rank
and sparse constraint, power, number of iterations, step size,
and patch size are set to 0.007, 1.2, 0.7, 3, 4, and 20, respec-
tively. For this test, we report the parameters of NonLRMA
in Table III.

Figs. 10-12 show the denoising results on bands 87, 207,
and 108 on the HYDICE urban data set. In general, it is
observed that our method can simultaneously remove the
Gaussian noise, impulse noise, deadlines, and stripes from the
noisy images, and preserve underlying image structures well.
For the slight noise mixed by Gaussian noise and stripes as
shown in Fig. 10, LRMR and NAILRMA can remove the
mixed noise, but VBM3D tends to oversmooth the result.
In addition, the WSN-LRMA method is also able to obtain
nearly the best visual representation. Nevertheless, in Fig. 11,
where the noise is mixed by Gaussian noise, deadlines, and
stripes simultaneously, it can be seen that there still exist lots
of noises in the results of VBM3D, LRMR, and NAILRMA.
WSN-LRMA achieves relatively better results, but also intro-
duces artifacts into the final results. As shown in Fig. 12, other
competing methods perform badly when the HSI is heavily
polluted by mixed noise. Our method, by contrast, can recover
most details; this is mainly because the nonconvex regularizer
is a tighter approximation to the original matrix rank function.

For a more detailed comparison, we show the vertical and
horizontal mean profiles of band 207 in this data set in
Figs. 13 and 14, and the horizontal and vertical axes represent
the column (resp. row) number and the corresponding mean
digital number value in Fig. 13 (resp. Fig. 14), respectively.
It is clearly observed that the curves of the original image
fluctuate significantly due to the existence of mixed noise.
From Fig. 13(c)—(e), it is observed that LRMR, NAILRMA,
and WSN-LRMA have removed stripes in the vertical direc-
tion, but failed to remove stripes in the horizontal direction.
As shown in Fig. 11, our proposed method provides evidently
smoother curve, indicating that the stripes in the vertical and
horizontal directions have been removed more effectively.
Specially, VBM3D, LRMR, and NAILRMA fail to remove
the thick vertical white line in the 261th column, as shown in
the highlighted red rectangle in Fig. 13(b)—(d).
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(a) Original (b) VBM3D (c) LRMR

Fig. 10. Restoration results on HYDICE urban data set: slight noise band
(b) VBM3D, (c) LRMR, (d) NAILRMA, (e) WSN-LRMA, and (f) NonLRMA

(a) Original (b) VBM3D (c) LRMR

Fig. 11.
(b) VBM3D, (¢) LRMR, (d) NAILRMA, (¢) WSN-LRMA, and (f) NonLRMA

(a) Original

(b) VBM3D (c) LRMR

Fig. 12.
(b) VBM3D, (c) LRMR, (d) NAILRMA, (¢) WSN-LRMA, and (f) NonLRMA

2) EO-1 Hyperion Australia Data Set: The Hyperion
image [56] of size 3858 x 256 x 242 is captured on
December 4, 2010. Similar to [28], after removing the over-
lapping bands between visual near-infrared and shortwave
infrared ranges, only a subregion of size 400 x 200 x 150
is used in our experiment.

Some representative denoising results are shown in
Figs. 15-17. It is observed that VBM3D fails to remove heavy
noise and suffers from oversmoothing the results on all these
HSIs. As shown in Figs. 15 and 16, LRMR and NAILRMA
remove part of stripes, but deadlines are left; hence, the denois-
ing performance is far from satisfactory. Similar observation
was also reported in [28]. An intuitive explanation is that
the GoDec-based LRMR using bilateral random projection
instead of computing SVD cannot guarantee a unique solution,
since different random projections may yield different results.
Moreover, LRMR and NAILRMA need the upper bound of
matrix rank to be estimated as prior, which, unfortunately,
is usually difficult to achieve. Such failures, again, reveal
the challenge in denoising HSIs. It is promising to observe
that WSN-LRMA and NonLRMA have recovered images with
significantly improved visual quality. Though much better than
VBM3D, LRMR, and NAILRMA, compared with NonLRMA,

Restoration results on HYDICE urban data set: severe noise band.

(d) NAILRMA (e) WSN-LRMA (f) NonLRMA
. (a) Original image located at the 87th band. Resorted image obtained by

. The figure is better viewed in a zoomed-in PDF.

(d) NAILRMA (e) WSN-LRMA (f) NonLRMA

Restoration results on HYDICE urban data set: moderate noise band. (a) Original image located at the 207th band. Resorted image obtained by

. The figure is better viewed in a zoomed-in PDF.

(d) NAILRMA (e) WSN-LRMA

(f) NonLRMA

(a) Original image located at the 108th band. Resorted image obtained by
The figure is better viewed in a zoomed-in PDF.

WSN-LRMA still leaves some stripes in the resulting images,
which is not as expected. For example, as shown in Figs. 15—
17, the superior performance of the proposed method can be
easily observed in the highlighted regions, where our method
removes all types of noises and stripes while others do not.
To better illustrate this, we show the vertical and horizontal
mean profiles of band 51 in Figs. 18 and 19, respectively. From
Figs. 18 and 19, especially in the highlighted regions, it is
easy to see that NonLRMA has the best performance whereas
WSN-LRMA does not remove all stripes both vertically and
horizontally. Moreover, WSN-LRMA is more computationally
expensive, which will be clear in later subsection IV-C. These
observations strongly reveal the effectiveness of our NonL-
RMA by adopting y -norm.

C. Model Analysis

We first discuss how to set parameters and analyze the
sensitivity of parameters in our model, including the regular-
ization parameter A, penalty parameter pg, parameter y, and
patch size g. We then report the running time for the HSI
denoising methods on two real-world HSIs. Please note that
the experiments used for parameter setting are based on the
simulated data under the moderate noise level.
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Fig. 13.  Vertical mean profiles of band 207 in HYDICE urban data set.
(a) Original. (b) VBM3D. (c) LRMR. (d) NAILRMA. (¢) WSN-LRMA.
(f) NonLRMA. The figure is better viewed in a zoomed-in PDF.

1) Regularization Parameter J.: The regularization parame-
ter A in (7) balances the influences of the rank of L and
the sparsity of S. As shown in Fig. 20, which presents the
MPSNR, MSSIM, and MFSIM values with changing 4, it can
be observed that when A is selected from the interval [35, 50],
NonLLRMA achieves the optimal performance.

2) Penalty Parameter py: Subproblem (13) can be treated
as an extension of the Moreau—Yosida proximity operator.
pk is a parameter controlling the tradeoff between the low
rank constraint and the violation of fidelity, with smaller
values of py associated with mapped points near the minimum
and larger values leading to a smaller movement toward the
minimum. Therefore, a varying sequence of py is used in (12)
for acceleration, instead of keeping the penalty parameter p
unchanged. Intuitively, the value of p; should increase during
iteration. pg is chosen from [10_2, 5% 1071

3) Parameter y: As stated in Proposition 1, we have the
proposition: lim, o ||Lll, = rank(L). Theoretically,
the smaller the y value is, the tighter the y -norm approximates
the original rank function. To empirically testify how the y
value affects the denoising performance, we vary y value and
show the performance in Fig. 21. It is observed that when y is
set in the interval [7 1073, 1.2 % 1072], NonLRMA performs
the best.

4) Patch Size q: Given the optimal values of 1, pg, and v,
we investigate the influence of the patch size g. The MPSNR,
MSSIM, and MFSIM values of the results obtained by our

0 50 100 150 200 250 300 0 50 100 150 200 250 300
row number row number
(e) WSN-LRMA (f) NonLRMA

Fig. 14. Horizontal mean profiles of band 207 in HYDICE urban data
set. (a) Original. (b) VBM3D. (c) LRMR. (d) NAILRMA. (¢) WSN-LRMA.
(f) NonLRMA. The figure is better viewed in a zoomed-in PDF.

proposed NonLRMA method with different patch sizes are
reported in Table II. Based on Table II, we set g to 20 in our
simulated data experiments. On real data sets, we set g to 50
in these experiments for faster convergence with a step size
being 16.

Overall, the parameter settings of our proposed NonLRMA
method used for simulated and real data experiments are
presented in Table III.

5) Running Time: The running time of different approaches
on two real-world HSIs is reported in Table IV. VBM3D!
is the fastest approach among all the methods in all cases.
However, its denoising performance is limited. Although the
visual qualities of WSN-LRMA are similar to ours, Table IV
demonstrates that NonLRMA is at least six times faster than
WSN-LRMA. This is mainly due to the fact that fewer
iterations are required by our algorithm to converge to the
final solution. In addition, though our method consumes more
time than NAILRMA, we provide better results.

D. Discussions

Most above-mentioned methods we compare with are
recently developed methods in the low-rank modeling frame-
work and represent state of the art due to their effectiveness
and efficiency [28], [29]. Comparisons with such methods

LvBM3D is implemented with complied C++ mex-function and uses
parallelization for acceleration, while other approaches are implemented using
MATLAB.
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a) Original (b) VBM3D (c) LRMR (d) NAILRMA (€) WSN-LRMA (f) NonLRMA

Fig. 15. Restoration results on Hyperion Australia data set: slight noise band. (a) Original image located at the 61st band. Resorted image obtained by
(b) VBM3D, (c) LRMR, (d) NAILRMA, (¢) WSN-LRMA, and (f) NonLRMA.

a) Original (b) VBM3D (c) LRMR (d) NAILRMA (€) WSN-LRMA (f) NonLRMA

Fig. 16. Restoration results on Hyperion Australia data set: moderate noise band. (a) Original image located at the 123th band. The resorted image obtained
by (b) VBM3D, (c) LRMR, (d) NAILRMA, (e) WSN-LRMA, and (f) NonLRMA.

(a) Original (b) VBM3D (c) LRMR (d) NAILRMA (e) WSN-LRMA (f) NonLRMA

Fig. 17. Restoration results on Hyperion Australia data set: severe noise band. (a) Original image located at the 51st band. Resorted image obtained by
(b) VBM3D, (c) LRMR, (d) NAILRMA, (¢) WSN-LRMA, and (f) NonLRMA.

provide convincing evidence that supports the effectiveness noise, deadlines, and stripes, but also recover most details of
of NonLRMA. As fully exploited in Section IV, NonLRMA the dropped bands that are severely corrupted by mixed noises,
can not only remove the mixture of Gaussian noise, impulse  with both qualitative and quantitative improvements as shown
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Fig. 18.  Vertical mean profiles of band 51 in Hyperion Australia data  Fig. 19. Horizontal mean profiles of band 51 in Hyperion Australia data

set. (a) Original. (b) VBM3D. (c) LRMR. (d) NAILRMA. (¢) WSN-LRMA.
(f) NonLRMA. The figure is better viewed in a zoomed-in PDF.

TABLE II

QUANTITATIVE EVALUATION OF NONLRMA
WITH DIFFERENT PATCH SIZES

Patch Size: ¢ 10 12 16 20 24 30
MPSNR(dB) | 20.526 | 20.526 | 38.374 | 38.455 | 38.406 | 37.999
MSSIM 0.405 0.405 0.962 0.959 0.955 0.947
MFSIM 0.514 0.514 0.957 0.954 0.951 0.945
TABLE III

PARAMETERS SETTING IN OUR ALGORITHM

HSIs ¥ A PO q step size
Synthetic data | 102 | 50 | 3%10~2 | 20 8
Urban dataset | 1072 | 10 | 5% 1072 | 50 16

Australia dataset | 1072 | 10 | 5% 1072 | 50 16

in Table I and Fig. 4. Similar observations can be found on
real data experiments conducted in Section IV-B. It has been
empirically verified that NonLRMA can achieve promising
performance with a wide range of parameter settings. More-
over, Table IV shows that NonLRMA is much faster than
WSN-LRMA. Considering the superior performance as well as
its insensitivity to parameters, NonLRMA has great potential
in real world applications.

set. (a) Original. (b) VBM3D. (c) LRMR. (d) NAILRMA. (¢) WSN-LRMA.
(f) NonLRMA. The figure is better viewed in a zoomed-in PDF.

MPSNA(GE)
)
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@ ®

Fig. 20. Sensitivity analysis of parameter 4 (4 from 10 to 50). (a) Change
in the MPSNR value. (b) Change in the MSSIM value. (c) Change in the
MFSIM value. The figure is better viewed in a zoomed-in PDF.

e

Fig. 21. Sensitivity analysis of parameter y (y from 3 x 1073 102 x 1072),
(a) Change in the MPSNR value. (b) Change in the MSSIM value. (c) Change
in the MFSIM value. The figure is better viewed in a zoomed-in PDF.

V. CONCLUSION

We have presented the NonLRMA model by applying the
particular nonconvex surrogate of [y norm on the singular
values to approximate the rank function instead of the nuclear
norm for the reconstruction of corrupted HSIs. This model
targets at recovering a low rank matrix representing the clean
HSI, as well as simultaneously removing the Gaussian noise,
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TABLE IV

COMPARISON OF RUNNING TIME (IN HOURS) FOR THE HSI DENOISING

APPROACHES ON TWO DIFFERENT REAL-WORLD HSIs

Model Urban dataset | Australia dataset
VBM3D 0.058 0.032
LRMR 0.59 0.31
NAILRMA 0.064 0.035
WSN-LRMA 2.45 1.39
NonLRMA 0.26 0.19

impulse noise, deadlines, and stripes. In addition, we develop
an easy-to-implement iterative algorithm based on the ALM
method. The extensive experiments on different simulated and
real HSIs demonstrate that our approach is robust to both
Gaussian and impulse noises, as well as deadlines and stripes.

Undeniable, the proposed algorithm still has room for
improvement in running time. How to design fast and accurate
HSI denoising approaches is our future work. Additionally,
an HSI is essentially a third-order tensor, and we plan to
consider sparsity on a tensor level in the future.

ACKNOWLEDGMENT

The authors would like to thank the Editor and anonymous
reviewers for providing the insightful comments and sugges-
tions, which greatly helped improve the quality of this paper.

[1]
[2]

[3]

[4]

[5]
[6]

[7]

[8]

[9]

(10]

(11]

[12]

REFERENCES

A. Plaza et al., “Recent advances in techniques for hyperspectral image
processing,” Remote Sens. Environ., vol. 113, pp. S110-S122, Sep. 2009.
S. A. Lewis et al., “Using hyperspectral imagery to estimate forest floor
consumption from wildfire in boreal forests of Alaska, USA,” Int. J.
Wildland Fire, vol. 20, no. 2, pp. 255-271, Jan. 2011.

K. C. Tiwari, M. K. Arora, and D. Singh, “An assessment of independent
component analysis for detection of military targets from hyperspectral
images,” Int. J. Appl. Earth Observ. Geoinf., vol. 13, no. 5, pp. 730-740,
Oct. 2011.

Y.-Q. Zhao and J. Yang, “Hyperspectral image denoising via sparse
representation and low-rank constraint,” IEEE Trans. Geosci. Remote
Sens., vol. 53, no. 1, pp. 296-308, Jan. 2015.

D. Landgrebe, “Hyperspectral image data analysis,” IEEE Signal
Process. Mag., vol. 19, no. 1, pp. 17-28, Jan. 2002.

H. Zhang, W. He, L. Zhang, H. Shen, and Q. Yuan, “Hyperspectral
image restoration using low-rank matrix recovery,” IEEE Trans. Geosci.
Remote Sens., vol. 52, no. 8, pp. 4729-4743, Aug. 2014.

C. Rodarmel and J. Shan, “Principal component analysis for hyperspec-
tral image classification,” Surv. Land Inf. Sci., vol. 62, no. 2, p. 115,
Jun. 2002.

C. Li, Y. Ma, X. Mei, J. Ma, and C. Liu, “Hyperspectral image
classification with robust sparse representation,” IEEE Trans. Geosci.
Remote Sens., vol. 13, no. 5, pp. 641-645, Mar. 2016.

D. Manolakis and G. S. Shaw, “Detection algorithms for hyperspectral
imaging applications,” IEEE Signal Process. Mag., vol. 19, no. 1,
pp. 2943, Jan. 2002.

M.-D. Iordache, J. Bioucas-Dias, and A. Plaza, “Sparse unmixing of
hyperspectral data,” IEEE Trans. Geosci. Remote Sens., vol. 49, no. 6,
pp. 20142039, Jun. 2011.

D. Cerra, R. Miiller, and P. Reinartz, “Noise reduction in hyperspectral
images through spectral unmixing,” IEEE Geosci. Remote Sens. Lett.,
vol. 11, no. 1, pp. 109-113, Jan. 2014.

C. Jiang, H. Zhang, L. Zhang, H. Shen, and Q. Yuan, “Hyperspectral
image denoising with a combined spatial and spectral weighted hyper-
spectral total variation model,” Can. J. Remote Sens., vol. 42, no. 1,
pp- 53-72, Apr. 2016.

[13]

(14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

5379

Q. Xie et al., “Multispectral images denoising by intrinsic tensor
sparsity regularization,” in Proc. IEEE Conf. Comput. Vis. Pattern
Recognit. (CVPR), Jun. 2016, pp. 1692-1700.

K. Dabov, A. Foi, V. Katkovnik, and K. Egiazarian, “Image denoising
by sparse 3-D transform-domain collaborative filtering,” IEEE Trans.
Image Process., vol. 16, no. 8, pp. 2080-2095, Aug. 2007.

M. Elad and M. Aharon, “Image denoising via sparse and redundant
representations over learned dictionaries,” IEEE Trans. Image Process.,
vol. 15, no. 12, pp. 3736-3745, Dec. 2006.

J. Mairal, F. Bach, J. Ponce, G. Sapiro, and A. Zisserman, “Non-local
sparse models for image restoration,” in Proc. IEEE 12th Int. Conf.
Comput. Vis., Sep. 2009, pp. 2272-2279.

X. Lu, Y. Wang, and Y. Yuan, “Graph-regularized low-rank representa-
tion for destriping of hyperspectral images,” IEEE Trans. Geosci. Remote
Sens., vol. 51, no. 7, pp. 40094018, Jul. 2013.

X. Liu, S. Bourennane, and C. Fossati, “Denoising of hyperspectral
images using the PARAFAC model and statistical performance analysis,”
IEEE Trans. Geosci. Remote Sens., vol. 50, no. 10, pp. 3717-3724,
Oct. 2012.

C. Li, Y. Ma, J. Huang, X. Mei, and J. Ma, “Hyperspectral image
denoising using the robust low-rank tensor recovery,” J. Opt. Soc. Amer.
A, Opt. Image Sci., vol. 32, no. 9, pp. 1604-1612, Sep. 2015.

N. Renard, S. Bourennane, and J. Blanc-Talon, “Denoising and dimen-
sionality reduction using multilinear tools for hyperspectral images,”
IEEE Trans. Geosci. Remote Sens., vol. 5, no. 2, pp. 138-142, Apr. 2008.
H. Tan, B. Cheng, J. Feng, G. Feng, and Y. Zhang, “Tensor recovery
via multi-linear augmented Lagrange multiplier method,” in Proc. 6th
Int. Conf. Image Graph., Aug. 2011, pp. 141-146.

C. Lu, J. Feng, Y. Chen, W. Liu, Z. Lin, and S. Yan, “Tensor robust
principal component analysis: Exact recovery of corrupted low-rank
tensors via convex optimization,” in Proc. IEEE Conf. Comput. Vis.
Pattern Recognit. (CVPR), Jun. 2016, pp. 5249-5257.

D. Letexier and S. Bourennane, “Noise removal from hyperspectral
images by multidimensional filtering,” IEEE Trans. Geosci. Remote
Sens., vol. 46, no. 7, pp. 2061-2069, Jul. 2008.

J. Wright, A. Ganesh, S. Rao, Y. Peng, and Y. Ma, “Robust principal
component analysis: Exact recovery of corrupted low-rank matrices via
convex optimization,” in Proc. Adv. Neural Inf. Process. Syst. (NIPS),
Dec. 2009, pp. 2080-2088.

E. J. Candes, X. Li, Y. Ma, and J. Wright, “Robust principal component
analysis?” J. ACM, vol. 58, no. 3, p. 11, May 2011.

H. Song, G. Wang, and K. Zhang, “Hyperspectral image denoising
via low-rank matrix recovery,” Remote Sens. Lett., vol. 5, no. 10,
pp. 872-881, Oct. 2014.

W. He, H. Zhang, L. Zhang, and H. Shen, “Hyperspectral image
denoising via noise-adjusted iterative low-rank matrix approximation,”
IEEE J. Sel. Topics Appl. Earth Observ. Remote Sens., vol. 8, no. 6,
pp. 3050-3061, Jun. 2015.

Y. Xie, Y. Qu, D. Tao, W. Wu, Q. Yuan, and W. Zhang, “Hyperspectral
image restoration via iteratively regularized weighted schatten p-norm
minimization,” IEEE Trans. Geosci. Remote Sens., vol. 54, no. 8,
pp. 4642-4659, Aug. 2016.

W. He, H. Zhang, L. Zhang, and H. Shen, “Total-variation-regularized
low-rank matrix factorization for hyperspectral image restoration,” JEEE
Trans. Geosci. Remote Sens., vol. 54, no. 1, pp. 178-188, Jan. 2016.
M. Ye, Y. Qian, and J. Zhou, “Multitask sparse nonnegative matrix
factorization for joint spectral-spatial hyperspectral imagery denoising,”
IEEE Trans. Geosci. Remote Sens., vol. 53, no. 5, pp. 2621-2639,
May 2015.

J. Fan and R. Li, “Variable selection via nonconcave penalized likelihood
and its oracle properties,” J. Amer. Statist. Assoc., vol. 96, no. 456,
pp. 1348-1360, 2001.

C.-H. Zhang, “Nearly unbiased variable selection under minimax
concave penalty,” Ann. Statist., vol. 38, no. 2, pp. 894-942, 2010.

Y. Chen, Y. Wang, M. Li, and G. He, “Augmented Lagrangian alternating
direction method for low-rank minimization via non-convex approxima-
tion,” Signal, Image and Video Processing, 2017, pp. 1-8.

L. E. Frank and J. H. Friedman, “A statistical view of some chemo-
metrics regression tools,” Technometrics, vol. 35, no. 2, pp. 109-135,
1993.

E. J. Candes, M. B. Wakin, and S. P. Boyd, “Enhancing sparsity by
reweighted €1 minimization,” J. Fourier Anal. Appl., vol. 14, no. 5,
pp- 877-905, Nov. 2007.

Z. Kang, C. Peng, and Q. Cheng, “Robust PCA via nonconvex rank
approximation,” in Proc. IEEE Int. Conf. Data Mining, Nov. 2015,
pp- 211-220.



5380

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

(471

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 55, NO. 9, SEPTEMBER 2017

Y. Hu, D. Zhang, J. Ye, X. Li, and X. He, “Fast and accurate
matrix completion via truncated nuclear norm regularization,” [EEE
Trans. Pattern Anal. Mach. Intell., vol. 35, no. 9, pp. 2117-2130,
Sep. 2013.

T. Zhang, “Analysis of multi-stage convex relaxation for sparse regular-
ization,” J. Mach. Learn. Res., vol. 11, pp. 1081-1107, Mar. 2010.

T. Zhou and D. Tao, “GoDec: Randomized low-rank & sparse matrix
decomposition in noisy case,” in Proc. 28th Int. Conf. Mach. Learn.,
Jan. 2011, pp. 33-40.

M. Rahmani and G. Atia, “A subspace learning approach for high
dimensional matrix decomposition with efficient column/row sampling,”
in Proc. 33rd Int. Conf. Mach. Learn., 2016, pp. 1206-1214.

X. Lu, Y. Yuan, and P. Yan, “Sparse coding for image denoising using
spike and slab prior,” Neurocomputing, vol. 106, no. 6, pp. 12-20,
Apr. 2013.

J. Li, Q. Yuan, H. Shen, and L. Zhang, “Hyperspectral image recovery
employing a multidimensional nonlocal total variation model,” Signal
Process., vol. 111, pp. 230-248, Jun. 2015.

Y. Wang, P. Liu, Z. Li, T. Sun, C. Yang, and Q. Zheng, “Data
regularization using Gaussian beams decomposition and sparse norms,”
J. Inverse Ill-Posed Problems, vol. 21, no. 1, pp. 1-23, Feb. 2013.

C. Lu, J. Tang, S. Yan, and Z. Lin, “Nonconvex nonsmooth low rank
minimization via iteratively reweighted nuclear norm,” IEEE Trans.
Image Process., vol. 25, no. 2, pp. 829-839, Feb. 2016.

X. Liu, X. Lu, H. Shen, Q. Yuan, Y. Jiao, and L. Zhang, “Noise
removal from hyperspectral image with joint spectral-spatial distributed
sparse representation,” IEEE Trans. Geosci. Remote Sens., vol. 54, no. 9,
pp. 5425-5439, Sep. 2016.

S. G. Lingala, Y. Hu, E. DiBella, and M. Jacob, “Accelerated dynamic
MRI exploiting sparsity and low-rank structure: k-t SLR,” IEEE Trans.
Med. Imag., vol. 30, no. 5, pp. 1042-1054, May 2011.

G. Liu, Z. Lin, S. Yan, J. Sun, Y. Yu, and Y. Ma, “Robust recovery
of subspace structures by low-rank representation,” IEEE Trans. Pattern
Anal. Mach. Intell., vol. 35, no. 1, pp. 171-184, Jan. 2013.

S. Gaiffas and G. Lecué. (2011). “Weighted algorithms for
compressed sensing and matrix completion.” [Online]. Available:
https://arxiv.org/pdf/1107.1638.pdf

J. Yang, W. Yin, Y. Zhang, and Y. Wang, “A fast algorithm for
edge-preserving variational multichannel image restoration,” SIAM
J. Imag. Sci., vol. 2, no. 2, pp. 569-592, 2009.

[Online]. Available: https://engineering.purdue.edu/~biehl/MultiSpec/
hyperspectral.html

Z. Wang, A. C. Bovik, H. R. Sheikh, and E. P. Simoncelli, “Image
quality assessment: From error visibility to structural similarity,” IEEE
Trans. Image Process., vol. 13, no. 4, pp. 600-612, Apr. 2004.

L. Zhang, L. Zhang, X. Mou, and D. Zhang, “FSIM: A feature similarity
index for image quality assessment,” [EEE Trans. Image Process.,
vol. 20, no. 8, pp. 2378-2386, Aug. 2011.

HYDICE Image of Washington DC Mall, accessed on Apr. 10, 2016.
[Online]. Available: https://engineering.purdue.edu/~biehl/MultiSpec/
hyperspectral.html

HYDICE Urban Images, accessed on May 15, 2016. [Online]. Available:
http://www.tec.army.mil/hypercube

Q. Yuan, L. Zhang, and H. Shen, “Hyperspectral image denoising with
a spatial-spectral view fusion strategy,” IEEE Trans. Geosci. Remote
Sens., vol. 52, no. 5, pp. 2314-2325, May 2014.

EO-1 Hyperion Australia Images, accessed on May 2, 2016. [Online].
Available: http://remote-sensing.nci.org.au/

Yongyong Chen received the B.S. degree in infor-
mation and computing sciences from the Shandong
University of Science and Technology, Qingdao,
China, in 2014, where he is currently pursuing the
M.S. degree with the College of Mathematics and
Systems Science.

He is currently an Exchange Student with the
National Key Laboratory for Novel Software Tech-
nology, Nanjing University, Nanjing, China. His
research interests include (nonconvex) low-rank and
sparse matrix/tensor decomposition models, with

applications to image processing, magnetic resonance imaging, and computer
vision.

Yanwen Guo received the Ph.D. degree in applied
mathematics from the State Key Laboratory of
CAD&CG, Zhejiang University, Hangzhou, China,
in 2006.

He was a Visiting Professor with the Department
of Computer Science and Engineering, The Chinese
University of Hong Kong, Hong Kong, in 2006 and
2009, and the Department of Computer Science, The
University of Hong Kong, Hong Kong, in 2008,
2012, and 2013. He was a Visiting Scholar with the
Department of Electrical and Computer Engineering,
University of Illinois at Urbana—Champaign, Champaign, IL, USA, from
2013 to 2015. He is currently a Full Professor with the National Key
Laboratory for Novel Software Technology, Department of Computer Science
and Technology, Nanjing University, Nanjing, China. His research interests
include image and video processing, vision, and computer graphics.

Yongli Wang received the B.S. degree in operations
research and control theory from the Shandong
University of Science and Technology, Qingdao,
China, in 2001, and the Ph.D. degree in applied
mathematics from Shanghai Jiao Tong University,
Shanghai, China, in 2006.

Her research interests include optimization theory
and method, low-rank representation, image process-
ing, and distributed computation.

Dong Wang received the M.S. degree from the Col-
lege of Mathematics and Systems Science, Shandong
University of Science and Technology, Qingdao,
China, in 2015. He is currently pursuing the Ph.D.
degree with the School of Traffic and Transporta-
tion, Institute of Systems Science, Beijing Jiaotong
University, Beijing, China.

His research interests include multiagent systems,
traffic planning, mathematical programming, and
image processing.

Chong Peng received the bachelor’s degree in sta-
tistics from Qingdao University, Qingdao, China, in
2012. He is currently pursuing the Ph.D. degree in
computer science with Southern Illinois University,
Carbondale, IL, USA.

He has published more than 20 research papers
in prestigious journals and prominent conferences,
including the IEEE Conference on Computer Vision
and Pattern Recognition, IEEE International Con-
ference on Data Engineering, Industrial Conference
: on Data Mining, and so on. His research interests
include machine learning, data mining, information retrieval, and image
processing.

Guoping He received the B.S. degree in computa-
tional mathematics from the Shandong University of
Science and Technology, Qingdao, China, in 1982,
and the M.S. and the Ph.D. degrees in operations
research and control theory from the Chinese Acad-
emy of Sciences, Beijing, China, in 1988 and 1995,
respectively.

He is currently the Vice President with the Shan-
dong Academy of Sciences, Jinan, China. He has
over 100 research papers and is the holder of eight
foundations. His research interests include nonlinear
optimization theory, numerical computation, and data mining.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Aachen-Bold
    /ACaslon-AltBold
    /ACaslon-AltBoldItalic
    /ACaslon-AltItalic
    /ACaslon-AltRegular
    /ACaslon-AltSemibold
    /ACaslon-AltSemiboldItalic
    /ACaslon-Bold
    /ACaslon-BoldItalic
    /ACaslon-BoldItalicOsF
    /ACaslon-BoldOsF
    /ACaslonExp-Bold
    /ACaslonExp-BoldItalic
    /ACaslonExp-Italic
    /ACaslonExp-Regular
    /ACaslonExp-Semibold
    /ACaslonExp-SemiboldItalic
    /ACaslon-Italic
    /ACaslon-ItalicOsF
    /ACaslon-Ornaments
    /ACaslon-Regular
    /ACaslon-RegularSC
    /ACaslon-Semibold
    /ACaslon-SemiboldItalic
    /ACaslon-SemiboldItalicOsF
    /ACaslon-SemiboldSC
    /ACaslon-SwashBoldItalic
    /ACaslon-SwashItalic
    /ACaslon-SwashSemiboldItalic
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /AGaramondAlt-Italic
    /AGaramondAlt-Regular
    /AGaramond-Bold
    /AGaramond-BoldItalic
    /AGaramond-BoldItalicOsF
    /AGaramond-BoldOsF
    /AGaramondExp-Bold
    /AGaramondExp-BoldItalic
    /AGaramondExp-Italic
    /AGaramondExp-Regular
    /AGaramondExp-Semibold
    /AGaramondExp-SemiboldItalic
    /AGaramond-Italic
    /AGaramond-ItalicOsF
    /AGaramond-Regular
    /AGaramond-RegularSC
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /AGaramond-SemiboldItalicOsF
    /AGaramond-SemiboldSC
    /AGaramond-Titling
    /AgencyFB-Bold
    /AgencyFB-Reg
    /AJensonMM
    /AJensonMM-Alt
    /AJensonMM-Ep
    /AJensonMM-It
    /AJensonMM-ItAlt
    /AJensonMM-ItEp
    /AJensonMM-ItSC
    /AJensonMM-SC
    /AJensonMM-Sw
    /AlbertusMT
    /AlbertusMT-Italic
    /AlbertusMT-Light
    /Algerian
    /Americana
    /Americana-Bold
    /Americana-ExtraBold
    /Americana-Italic
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /AvantGarde-Demi
    /BaskOldFace
    /BBOLD10
    /BBOLD5
    /BBOLD7
    /BermudaLP-Squiggle
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chaparral-Display
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ComicSansMS
    /ComicSansMS-Bold
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /Cutout
    /EMB10
    /EMBX10
    /EMBX12
    /EMBX5
    /EMBX6
    /EMBX7
    /EMBX8
    /EMBX9
    /EMBXSL10
    /EMBXTI10
    /EMCSC10
    /EMCSC8
    /EMCSC9
    /EMDUNH10
    /EMFF10
    /EMFI10
    /EMFIB8
    /EMITT10
    /EMMI10
    /EMMI12
    /EMMI5
    /EMMI6
    /EMMI7
    /EMMI8
    /EMMI9
    /EMMIB10
    /EMMIB5
    /EMMIB6
    /EMMIB7
    /EMMIB8
    /EMMIB9
    /EMR10
    /EMR12
    /EMR17
    /EMR5
    /EMR6
    /EMR7
    /EMR8
    /EMR9
    /EMSL10
    /EMSL12
    /EMSL8
    /EMSL9
    /EMSLTT10
    /EMSS10
    /EMSS12
    /EMSS17
    /EMSS8
    /EMSS9
    /EMSSBX10
    /EMSSDC10
    /EMSSI10
    /EMSSI12
    /EMSSI17
    /EMSSI8
    /EMSSI9
    /EMSSQ8
    /EMSSQI8
    /EMTCSC10
    /EMTI10
    /EMTI12
    /EMTI7
    /EMTI8
    /EMTI9
    /EMTT10
    /EMTT12
    /EMTT8
    /EMTT9
    /EMU10
    /EMVTT10
    /EstrangeloEdessa
    /EUEX10
    /EUEX7
    /EUEX8
    /EUEX9
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /Fences
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FreestyleScript
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Giddyup
    /GreymantleMVB
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /ICMEX10
    /ICMMI8
    /ICMSY8
    /ICMTT8
    /ILASY8
    /ILCMSS8
    /ILCMSSB8
    /ILCMSSI8
    /Impact
    /jsMath-cmex10
    /Kartika
    /Khaki-Two
    /LASY10
    /LASY5
    /LASY6
    /LASY7
    /LASY8
    /LASY9
    /LASYB10
    /Latha
    /LCIRCLE10
    /LCIRCLEW10
    /LCMSS8
    /LCMSSB8
    /LCMSSI8
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LINE10
    /LINEW10
    /LOGO10
    /LOGO8
    /LOGO9
    /LOGOBF10
    /LOGOD10
    /LOGOSL10
    /LOGOSL8
    /LOGOSL9
    /LucidaBlackletter
    /LucidaBright-Oblique
    /LucidaBrightSmallcaps
    /LucidaBrightSmallcaps-Demi
    /LucidaCasual
    /LucidaCasual-Italic
    /LucidaConsole
    /LucidaNewMath-AltDemiItalic
    /LucidaNewMath-AltItalic
    /LucidaNewMath-Arrows
    /LucidaNewMath-Arrows-Demi
    /LucidaNewMath-Demibold
    /LucidaNewMath-DemiItalic
    /LucidaNewMath-Extension
    /LucidaNewMath-Italic
    /LucidaNewMath-Roman
    /LucidaNewMath-Symbol
    /LucidaNewMath-Symbol-Demi
    /LucidaSans
    /LucidaSans-Bold
    /LucidaSans-BoldItalic
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /LucidaTypewriter
    /LucidaTypewriterBold
    /LucidaTypewriterBoldOblique
    /LucidaTypewriterOblique
    /Mangal-Regular
    /MicrosoftSansSerif
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /Mojo
    /MonotypeCorsiva
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTLS
    /MTLSB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MT-Symbol
    /MT-Symbol-Italic
    /MTSYN
    /MVBoli
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Regular
    /Myriad-Tilt
    /Nyx
    /OCRA-Alternate
    /Ouch
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Pompeia-Inline
    /Postino-Italic
    /Raavi
    /Revue
    /RMTMI
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /RSFS10
    /RSFS5
    /RSFS7
    /Shruti
    /Shuriken-Boy
    /SpumoniLP
    /STMARY10
    /STMARY5
    /STMARY7
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /UniversityRoman
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /WASY10
    /WASY5
    /WASY7
    /WASYB10
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /WoodtypeOrnaments-Two
    /ZapfChancery-MediumItalic
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


